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Abstract

The transient processes of cooling-down and stratifying an initially homogeneous ¯uid by natural convection in a

vertical circular cylinder have been investigated numerically. The transient ¯ow patterns are identi®ed by the
visualization of the transient evolving processes in the cylinder. The results show that vigorous ¯ow activities
concentrate mainly in the vertical thermal boundary layer along the sidewall and in the horizontal region which is
the lower part of the domain where the cold intrusion ¯ow is embedded. The transient ¯ow patterns at the unsteady

and quasi-steady stages are analysed, including the activities of the travelling waves in the vertical thermal boundary
layer along the sidewall and the cold intrusions in the horizontal region. A scaling analysis is used to characterize
the development of the vertical thermal boundary layer on the sidewall and the strati®cation in the cylinder. It is

found that the numerical solutions agree very well with the scaling results. # 1999 Elsevier Science Ltd. All rights
reserved.

1. Introduction

Natural convection driven by buoyancy arising from
an imposed horizontal density gradient is widely
encountered in nature and in engineering situations,

such as horizontal transport in water bodies, strati®-
cation processes in thermosyphon systems, crystal
growth procedures, etc. In many of these and other ap-
plications, the buoyancy is unsteady, and the response

of the system to changing conditions, especially to sud-
denly changing boundary conditions, is of fundamental
interest.

The most studied form of this problem is the case of
a rectangular cavity with di�erentially heated sidewalls.
Batchelor [1] ®rst addressed the steady-state version of

this problem. Since then, extensive experimental, nu-
merical and analytical studies have been conducted on

the topic. Much of this work is summarized in the
reviews by Catton [2] and Ostrach [3]. In spite of fre-
quent occurrences of the unsteady case, however, the

imposition of unsteady boundary conditions was evi-
dently not considered in any detail until Patterson and
Imberger [4] discussed the case of instantaneous heat-
ing and cooling of the opposing sidewalls in a rec-

tangular cavity. In that work, they investigated the
transient features that occur when the temperatures at
the opposing two vertical sidewalls are impulsively

heated and cooled by an equal amount, and based on
the relative values of Ra and various combinations of
Pr and A, they devised a classi®cation of the develop-

ment of the ¯ow through several transient ¯ow regimes
to one of three steady-state types of ¯ow. This ¯ow
model has since occupied the center stage of research
into understanding natural convection in cavities and

numerous investigations subsequently focused on
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diverse aspects of the model. Nicolette and Yang [5]
made a numerical and experimental investigation into
two-dimensional transient natural convection of single-
phase ¯uids inside a completely ®lled square enclosed

with one vertical wall cooled and the other three walls
insulated. Schladow et al. [6] conducted a series of
two- and three-dimensional numerical simulations of

transient ¯ow in a side-heated cavity and their simu-
lations generally agree with the results of the scaling
arguments of Patterson and Imberger [4]. The numeri-

cal study by Hyun [7] on the e�ect of Pr on heatup of
a strati®ed ¯uid in an enclosure revealed that the evol-
ution of the ¯ow and temperature ®elds are in¯uenced
by Pr. Patterson and Arm®eld [8] conducted detailed

experimental and numerical investigations into the
presence of travelling wave instabilities on the vertical-
wall boundary layers and horizontal intrusions, the

existence of a rapid ¯ow divergence in the region of
the out¯ow of the intrusions, and the presence of cav-
ity-scale oscillations caused by the interaction of the

intrusion with the opposing vertical boundary layer.
Furthermore, Arm®eld et al. [9±12] made further in-
depth studies on the wave and stability properties of

the boundary layers in the cavities. The studies on
unsteady natural convection in an enclosure until 1994
are well-documented in the review by Hyun [13].
Recently, Xin and Le QueÂ reÂ [14] investigated numeri-

cally chaotic natural convection in a di�erentially
heated air-®lled cavity with adiabatic horizontal walls
and Brooker et al. [15] conducted a non-parallel linear

stability analysis of the vertical boundary layer in a
di�erentially heated cavity.

The studies of the transient unsteady process of
cooling down and stratifying a homogeneous ¯uid by
natural convection in a vertical circular cylinder are
rare. Otis and Roessler [16] conducted an experimental

investigation into the development of strati®cation of
gas in a cylindrical enclosure and provided experimen-
tal support for the existence of internal waves and

revealed several time constants that characterize the
process. Sakurai and Matsuda [17] conducted a theor-
etical investigation into the transient process in an

already strati®ed ¯uid and their analysis clearly
revealed the core of the intricate physics involved in
the transient adjustment process of a strati®ed ¯uid
system in response to changes in thermal boundary

conditions in a vertical circular cylinder. This analysis
was further modi®ed and extended by Jischke and
Doty [18]. Numerical investigation on this topic was

addressed by Hyun et al. [19±21] who obtained ®nite-
di�erence numerical solutions of the complete time-
dependent, Navier±Stokes equations describing the

transient process of the Sakurai and Matsuda model.
All these studies have focused on the situations in
which, at the initial state, the ¯uid is already strati®ed.

However, the transient evolving process from the in-
itial state of non-strati®cation, e.g., a homogeneous
¯uid, to a ®nally strati®ed state possesses some charac-
teristically di�erent features and this transient process

is of interest from the standpoint of both basic ¯uid
dynamics and practical applications, as the production
of a strati®ed ¯uid system of any strength is usually

initialized using a homogeneous ¯uid. On this topic,
only the experimental study mentioned above [16] and

Nomenclature

A aspect ratio, H/R
Cd, Cs,
Ct

constants of proportionality

g acceleration due to gravity
H height of cylinder
n last time step number

p pressure
Pr Prandtl number, n/k
Q heat ¯ux through thermal boundary layer

R radius of cylinder
Ra Rayleigh number, gbH 3DT/nk
t time
T temperature

u velocity in r direction
v velocity in z direction
U characteristic velocity, kRa 1/2/H

r radial coordinate
z vertical coordinate

Greek symbols
b coe�cient of thermal expansion
dT thickness of vertical thermal boundary

layer
k thermal conductivity
n kinematic viscosity

r density
Dt time step
DT TaÿTw

Superscript
� dimensional quantity

Subscripts
a value at ambient

w value at sidewall
z value at ®lling height
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numerical studies by Hyun [22] and by Kwak et al.
[23] are found. In [22], the ¯ow and temperature struc-

tures of the heat-up process of an initially homo-
geneous ¯uid in a cylinder with a linearly-heated
sidewall were elucidated using a ®nite-di�erence model.

In [23], a numerical study was conducted to investigate
the transient natural convective cool-down process of a
¯uid in a cylindrical container, with emphasis on the

¯ow patterns when the maximum density temperature
is experienced. In that work the developing ¯ow was
considered to take place in four phases, and it was

shown that the total development time for each phase
could be scaled against Ra and A using the relations
®rst suggested in Patterson and Imberger [4]. Rayleigh
numbers in the range 1 � 105±1 � 107 were considered.

In [23] the Rayleigh number is based on the radius, the
maximum equivalent Rayleigh number based on
height, as it is de®ned here, was 1 � 107 for A= 1

domain, and 1 � 108 for A= 10 domains.
In this work, the transient processes of cooling-

down and stratifying an initially homogeneous ¯uid in

a vertical circular cylinder have been investigated nu-
merically. Flows with Rayleigh numbers up to 6 � 109

are calculated, considerably extending the range con-

sidered by previous studies. The higher Rayleigh num-
ber ¯ow is shown to have the same general behaviour
as that observed in lower Rayleigh number studies,
however, with considerably more intrusion activity. A

physical scaling analysis is used to obtain relations
describing the rate of development of the transient
¯ow, again extending previous work where only the

development time for each phase was considered. The
scaling results are shown to agree well with the nu-
merical simulations.

2. Numerical method

2.1. Governing equations

Under consideration is the natural convection ¯ow
in a vertical circular cylinder with a height of H and a

radius of R. The top and bottom walls of the cylinder
are thermally insulated. Initially the ¯uid in the cylin-
der is at rest and isothermal (T=Ta) and at t= 0 the
sidewall is cooled impulsively to T=Tw(Tw < Ta), and

this temperature is maintained thereafter. Due to the
symmetry, the ¯ow in the cylinder is axisymmetric and
two dimensional and the computational domain

sketched in Fig. 1 is appropriate. The governing
equations are the 2-D Navier±Stokes equations and
the temperature equation, with the Boussinesq assump-

tion allowing the incompressible form to be used. The
equations are written in conservative, non-dimensional
form in cylindrical coordinates as follows:
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In these equations, velocity is non-dimensionalized by

U, time by H/U, length by H, pressure by rU 2, and
(TÿTa) by DT (DT=TaÿTw). According to the scaling
of Patterson and Imberger [4], U may be de®ned using

the length scale of the thermal boundary layer, that is
U=kRa 1/2/H.
The associated initial and boundary conditions are

u � v � 0, T � 0 at all r, z and t<0, �5�

Fig. 1. Computational domain and coordinate system.
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u � v � 0,
@T

@z
� 0 on z � 0,1, �6�

u � 0,
@v

@ r
� @T

@r
� 0 on r � 0, �7�

u � v � 0, T � ÿ1 on r � 1=A for tr0: �8�

2.2. Discretization

Because of the large variation in length scales it is

necessary to use a mesh that concentrates points in the
boundary layer and is relatively coarse in the interior.
The meshes are constructed using a stretched grid. The

basic mesh uses 99 � 155 grid points (here A= 2),
which are distributed symmetrically with respect to the

domain half-width and half-height. The nearest grid-
point is located 0.002 of the domain width from the

wall or the symmetry line. Subsequently, the mesh
expands at a rate of 7.6% up to r = 0.05, just beyond
the edge of the boundary layer. After that, the mesh

size expansion rate decreases until it reaches zero,
resulting in a constant coarse mesh in the interior of
the domain.

The equations are discretized on a non-staggered
mesh in which all variables are stored at the same grid
locations. The method of obtaining the pressure and
satisfying continuity is similar to the SIMPLE schemes

used with the conventional staggered mesh [24] but
with regularizing terms included in the Poisson
equation for pressure to ensure the discrete scheme is

strongly elliptic. Comparisons between staggered and
non-staggered solutions indicate both schemes have an

Fig. 2. Comparison of the results from the 99 � 155 basic mesh, 121 � 181 mesh and 149 � 217 mesh for the horizontal pro®les of

(a) temperature and (b) vertical velocity at mid-depth z= 0.25, and t = 0.875 and for the vertical pro®les of (c) temperature and

(d) horizontal velocity across the cold intrusion, at the location r= 0.4585, and t = 0.875.
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equivalent accuracy [25]. With a non-staggered scheme

all variables have the same discrete operators whereas
a di�erent operator must be used for each of the vel-
ocities and the scalar variables in a staggered mesh.
Hence the use of the non-staggered approach leads to

a considerable simpli®cation in the programming. This
scheme is described in detail by Arm®eld [25]. Finite
volumes are used to convert di�erential terms in the

governing equations to di�erences as follows. All sec-
ond derivatives and linear derivatives are approxi-
mated by second-order central di�erences. The

convective terms are approximated by a QUICK
scheme [26]. The discretization produces the usual
fringed block tridiagonal matrix operator, one for each

of the momentum, temperature and pressure equations.

These are solved using an alternating direction implicit
method.

2.3. Time integration

The time integration is accomplished using a second-
order Crank±Nicholson predictor-corrector scheme in

which the solution of the transport equations is carried
out in the following way. First, all variables are known
at t=nDt. Second the temperature Eq. (4) is inverted

to obtain an initial approximation to Tn + 1, and using
this value the two momentum Eqs. (2) and (3) are
inverted, using an estimated pressure ®eld, to obtain a

Fig. 3. (a) Time evolution of the contours of transient temperature ®elds in the domain up to t = 14 for Ra= 6 � 108, Pr= 7 and

A= 2; (b) time evolution of the contours of transient streamfunction ®elds up to t = 14 for Ra= 6 � 108, Pr= 7 and A= 2.
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®rst approximation to u n + 1 and v n + 1. A pressure
correction equation derived from Eq. (1) is then solved
to enforce continuity. Finally new estimates of u n + 1

and v n + 1 are obtained. This procedure is repeated

until a preset divergence convergence criterion of
1 � 10ÿ4 is met.

2.4. Grid independence

To test the grid independence of the scheme the sol-

ution has been obtained on the basic mesh of 99 � 155
de®ned above, which is the major mesh used in this
study, and on two additional ®ne meshes, with the fol-
lowing parameters. The ®rst ®ne mesh has one half the

size at the wall and at the symmetry line, the same

grid expansion factor, and one half of the time step of
the basic mesh of 99 � 155. This gives a grid of
121 � 181 with approximately the same grid spacing in
the core. The second mesh has one ®fth the size at the

wall and at the symmetry line, the same grid expansion
factor, and one quarter of the time step of the basic
mesh. This gives a grid of 149 � 217. Fig. 2a and b

shows the temperature and vertical velocity pro®les as
a function of horizontal distance from the cold in-
trusion at midheight in the thermal boundary layer.

The temperature and horizontal velocity pro®les as a
function of height in the lowest part of the domain at
x = 0.4585 are shown in Fig. 2c and d. All ®gures are
for t= 0.875, after the thermal boundary layer is

established and the cold intrusion has passed the

Fig. 3 (continued)

W. Lin, S.W. Arm®eld / Int. J. Heat Mass Transfer 42 (1999) 4117±41304122



x = 0.4585 point. In all cases, the variation between
the three representations is very small, indicating that
the basic mesh of 99 � 155 is free of grid- and time-
step-dependent errors.

3. Transient ¯ow patterns

3.1. Typical evolution of transient natural convection
¯ows

To provide a comprehensive and direct perception
of the transient evolving process of natural convection

¯ow in the cylinder, we present in Figs. 3 and 4 the
visualisation of the time evolution of transient ¯ow
parameters in the computational domain for
Ra= 6 � 108, Pr = 7 and A= 2. (In all contour

®gures, 10 equally-spaced contours between the maxi-
mum and minimum values are shown, therefore, for
temperature, contours between 0 and ÿ1 are shown).

From these ®gures, it is seen that when the sidewall is
cooled impulsively to T=ÿ1, a vertical thermal bound-
ary layer develops very rapidly on the sidewall. After

the full development of the vertical thermal boundary
layer, a cold intrusion begins to form and moves con-
tinuously along the bottom wall towards the symmetry
line. This phenomena is also observed by others [8]. As

the intrusion approaches the symmetry line, its nose

increases in size and the shape changes gradually due
to the interaction between the intrusion and the sur-
rounding ambient ¯uid in the domain. Meanwhile,
waves are travelling down the vertical thermal bound-

ary layer, forming crests in the temperature ®elds as
shown in Fig. 3a, which are believed to be initiated as
a thermal boundary layer instability travelling down

the vertical layer following the start-up of the thermal
boundary layer [8,27±29]. When the intrusion nose
approaches the symmetry line, its size grows sharply,

and extends substantially along the symmetry line,
resulting in a vigorous interaction similar to a collision
between the intrusion and the symmetry line. After

that, the intrusion falls down along the symmetry line
after it has lost its upward momentum to the ambient
¯uid. The colliding intrusion reverses and moves back
towards the sidewall. Consequently, this portion of the

intrusion interacts with the newly-formed colder in-
trusion which is continuously being ejected from the
cold sidewall and moving underneath the reversing

¯uid towards the symmetry line, forming a complicated
interaction between the intrusions in the lower part of
the domain. Prior to the arrival of the reversed in-

trusion, waves travelling down the vertical thermal
boundary layer enter the intrusion and dissipate,
further complicating the ¯ow patterns. When the
reversed intrusion approaches the sidewall, it interacts

with the lower part of the vertical boundary layer,

Fig. 4. Time evolution of the contours of transient temperature and streamfunction ®elds in the domain from t = 17.5 to t = 157.5

for Ra= 6 � 108, Pr= 7 and A= 2.
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resulting in a perturbation travelling up the thermal
boundary layer. Due to the balancing of buoyancy and

momentum, heat and mass transfer occurs continu-
ously among the cold intrusion, the surrounding ambi-
ent ¯uid and other intrusions. The cold intrusion loses
its momentum but increases its temperature gradually

in its back and forth passage between the sidewall and
the symmetry line in the lower part of the domain.
This same procedure is experienced by the successively

produced new intrusions and this process acts to gener-
ate the temperature strati®cation in the interior.
Gradually, the unsteady natural convection ¯ow and

the generation of the strati®cation in the domain will
transit to a quasi-steady state.
In Fig. 4, it is clearly demonstrated that the ¯ow is

approaching a quasi-steady strati®cation, but at a
gradually reduced rate due to the successively
decreased driving buoyancy. The vertical thermal
boundary layer gradually becomes thicker and its

downward moving speed reduces progressively as the
local Ra becomes smaller due to the decrease of the
temperature di�erence between that on the sidewall

and that inside the cylinder.
It is evident from these results that it is helpful to

divide the evolution of natural convection ¯ow in the

domain into two speci®c stages, namely the unsteady

stage and the quasi-steady stage, respectively, as the
transient ¯ows have considerably di�erent patterns at

these stages. It is also found that vigorous ¯ow activi-
ties take place mainly in the vertical boundary layer on
the sidewall and in the lower part of the domain where
the intrusions are embedded. For brevity, the ®rst

region is named as the vertical region and the other as
the horizontal region.

3.2. Transient ¯ow features: the unsteady stage

The initial ¯ow at this stage is characterized by the

development of the vertical thermal boundary layer on
the sidewall. To get more detailed information about
the development of the vertical thermal boundary

layer, we present in Fig. 5 the time traces of tempera-
ture and velocities at three speci®c points which are in
the vertical region. It is observed that the full develop-
ment of the vertical thermal boundary layer on the

sidewall takes a time of about 2 for the case considered
here. It is evident that conduction dominates during
this initial ¯ow regime. After that, waves travel down

the boundary layer, clearly seen in Fig. 3a as the crests
in the temperature contours at t= 3.5, 4.375 and 5.25,
and in Fig. 5 where wavelike traces of temperature and

velocities are recorded. These waves may also be seen

Fig. 5. Time traces of temperature, horizontal and vertical velocities at points r= 0.493, z= 0.25; r= 0.493, z = 0.5; and

r= 0.493, z= 0.75 in the vertical region.
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in Fig. 6 at time t= 5.25, which shows the pro®les of

temperature and velocities along horizontal distances
in the horizontal region and along vertical distances in
the vertical region at di�erent times. Each peak in the

signal shown in the ®gures corresponds to the passage
of a single wave crest past the position at which the
trace is recorded. Thus the two crests visible in Fig. 3a
when t = 3.5 and 4.375 correspond to the ®rst two

peaks in Fig. 5. It is also evident that the amplitude of
the wave increases with the passage down the vertical
thermal boundary layer, and that as a result the num-

ber of discernible crests increases. These waves are
similar to those observed at start-up in a rectangular
cavity with di�erentially heated sidewalls [6]. In that

case, the ¯ow also exhibits a second set of waves
resulting from the striking of the hot intrusion coming
from the heated sidewall on the top of the thermal

boundary layer on this cooled sidewall. This second set
of waves have a much bigger amplitude and are the
major travelling waves in the boundary layer for the
rectangular cavity case. In our case, however, as no

hot intrusion strikes the top of the thermal boundary

layer on the cooled sidewall no second set of waves

travel down the boundary layer. But as the reversed
cold intrusion strikes the lower part of the boundary
layer, a perturbation is generated which then travels

up the thermal boundary layer. After the travelling
and dissipation of waves and perturbations, the traces
of temperature and velocities become smooth gradu-
ally, as clearly shown in Figs. 5 and 6, indicating that

¯ows in the vertical thermal boundary layer are
approaching the quasi-steady stage.
In the horizontal region, the temperature contours

in Fig. 3a show that the nose of the ®rst cold intrusion
at t= 1.75 is located at about r = 0.365 so that a per-
turbation to the pro®les is recorded in Fig. 6. This per-

turbation is also shown in Fig. 7, where the time traces
of temperature and velocities at three speci®c points in
the horizontal region are recorded, at r = 0.375 where

the recording point is just inside the intrusion crest,
but no perturbation is found at the other locations
r = 0.125 and 0.25 as the nose of the cold intrusion
has not yet passed there. At t= 5.25, the nose of the

intrusion reaches the symmetry line and the collision

Fig. 6. Pro®les of transient temperature, horizontal and vertical velocities along horizontal distances at z = 0.02 in the horizontal

region (a±c) and along vertical distances at r= 0.496 in the vertical region (d±f) at t = 1.75, 5.25, 91.875 and 161.875 respectively.

W. Lin, S.W. Arm®eld / Int. J. Heat Mass Transfer 42 (1999) 4117±4130 4125



occurs, resulting in sharp changes to the horizontal vel-

ocity in both amplitude and direction and a sharp
increase in the vertical velocity amplitude, as evidently
seen in Fig. 7. Meanwhile, it is found from Fig. 3a
that the ®rst travelling wave in the vertical region has

just passed the right corner of the domain and ®nally
dissipated in the cold intrusion, resulting in a big per-
turbation to temperature and velocities in the horizon-

tal region. After the passage of the ®rst wave into the
horizontal region and before the coming of the second
wave, an eddy is seen to form at the lower right corner

of the domain which results in the sharp changes in
temperature and velocities there. When the second
travelling wave in the vertical region is approaching
the right corner, a small perturbation in the horizontal

region is generated. But at the same time, the intrusion
nose is reversed by the symmetry line and then moves
towards the cold sidewall. On its way back to the side-

wall, it interacts with the surrounding ambient ¯uid
and the intrusions underneath, strikes the lower part
of the vertical boundary layer, and then moves back

towards the symmetry line. This procedure is repeated
continually in the horizontal region which, together
with the travelling and dissipation of waves in the hori-

zontal region, result in the consequent wavelike traces

and pro®les of temperature and velocities as shown in

Figs. 6 and 7.

3.3. Transient ¯ow features: the quasi-steady stage

From Fig. 5, it is seen that after the passage of the
waves the traces of temperature and velocities in the
vertical region are smooth, indicating that the ¯ow

inside the vertical region is approaching a quasi-steady
state. In the horizontal region, the ¯ow takes a much
longer time to approach a quasi-steady state. As the

¯ow inside the horizontal region approaches the quasi-
steady state, the temperatures at the three points
gradually approach their ®nal value, that is, T=ÿ1,
and the horizontal and vertical velocities approach 0,

indicating a gradually reduced driven force of buoy-
ancy due to the decreasing DT and local Ra on the
wall. The nearly horizontal pro®les shown in Fig. 4

from t= 43.75 on and those shown in Fig. 6 at
t = 91.875 and 161.875 show the development of a
strati®cation inside the cylinder when the ¯ow is

approaching its quasi-steady state. Subsequently, the
cylinder is continually ®lled with strati®ed ¯uid. At a
speci®c time, the ¯uid inside the cylinder will be fully

strati®ed. During the whole process of strati®cation

Fig. 7. Time traces of temperature, horizontal and vertical velocities at points r= 0.125, z= 0.02; r= 0.25, z = 0.02; and

r= 0.375, z= 0.02 in the horizontal region.
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and after that, there is no vigorous ¯ow activity except
in the vertical region where the quasi-steady boundary-

layer ¯ows are maintained at a gradually reduced
scale, and in the horizontal region where a very slow
movement of the ¯uid is observed. After the interior

¯uid is fully strati®ed the ¯ow continues to develop
very slowly until all the interior ¯uid is at the tempera-
ture of the cooled wall and the system is again quies-

cent.

4. Scaling

The temporal and spatial scales for the development
of the vertical thermal boundary layer on the sidewall

and the strati®cation in the cylinder are important par-
ameters that illustrate the transient ¯ow features.

4.1. Development of thermal boundary layer

After Patterson and Imberger [4], the time scale for
the development of the vertical thermal boundary layer

is t �0H 2/(kRa 1/2), with boundary layer thickness
d�T0H=Ra1=4 and velocity v �0 (kRa 1/2)/H. Similarly,
the time, velocity and thickness scales for the thermal

boundary layer for full development at each height z �

are as follows:
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where the local Rayleigh number is de®ned as

Raz� � gbDT�Hÿ z��3
nk

� Ra
�Hÿ z��3

H 3
: �12�

Hence, the dimensionless time, velocity and thickness
scales of the thermal boundary layer for full develop-
ment at each height z are as follows:

tz0�1ÿ z�1=2, �13�

vz0�1ÿ z�1=2, �14�

dTz0
�1ÿ z�1=4
Ra1=4

: �15�

The boundary layer is fully developed over the entire

wall when z = 0, giving a non-dimensional time scale
for full development of t01, velocity scale v01 and

thickness dT0Raÿ1/4.

4.2. Time scale for full strati®cation

After the development of the vertical thermal
boundary layer, the cylinder is gradually ®lled with

strati®ed ¯uid, as observed in the last section. The rate
of ®lling depends on the rate of ¯uid ¯ow through the
thermal boundary layer at the current ®lled height z as

shown in Fig. 8, which shows a schematic for the ®ll-
ing with strati®ed ¯uid in the cylinder. The ¯ux Q
through the boundary layer at z is

Q02p
A
dT�z�v�z� � 2p

A

�1ÿ z�3=4
Ra1=4

, �16�

where 1/A is the cylinder radius and it is assumed that
dT<<1/A. The rate of change of the ®lled height z is
then

�2A�ÿ1 dz

dt
0 �1ÿ z�3=4

Ra1=4
, with z�0� � 0: �17�

Solving this ordinary di�erential equation for z gives

Fig. 8. Schematic of ®lling with strati®ed ¯uid in the cylinder.

W. Lin, S.W. Arm®eld / Int. J. Heat Mass Transfer 42 (1999) 4117±4130 4127



z�t� � 1ÿ
�
1ÿ CsAt

Ra1=4

�4

, �18�

where Cs is a constant of proportionality.
The cylinder will be fully strati®ed when z(t )=1,

giving the time scale

ts � Ra1=4

CsA
: �19�

4.3. Comparison between numerical and scaling results

For the cases considered above, the vertical thermal
boundary layer on the sidewall reached full develop-
ment over its entire height at the time of about 2, as

shown in Fig. 5. This observation is in good agreement
with the scaling result t01. To validate the scaling
results in a more general range, we conducted further
numerical simulations. In Fig. 9, the numerically simu-

lated and scaled time and thickness of the vertical ther-
mal boundary layer against the height z are depicted
for Ra = 6 � 107, 6 � 108 and 6 � 109. The time

shown is the time at which the boundary reached full
development at that height, and dT is the boundary
layer thickness at full development at that height. It is

seen that the time development is well predicted by the
scaling with the constant of proportionality being
Ct=2.7. The boundary layer thickness dT as a function

of z is also well predicted by the scaling at each Ra
with the constant of proportionality Cd=2.9. In Figs.
10 and 11, the numerically simulated and scaled ®lling

height against the ®lling time and numerically simu-
lated and scaled time for full strati®cation against Ra
are shown respectively for six combinations of Ra and
A. The variation of ®lling height with time, shown in

Fig. 10, is very well predicted by the scaling with the

Fig. 9. Plots of numerically simulated and scaled time and thickness of vertical thermal boundary layer against the height for

Ra= 6 � 107, 6 � 108 and 6 � 109.

Fig. 10. Plot of numerically simulated and scaled ®lling height

against the ®lling time for six Rayleigh numbers.
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constant of proportionality Cs=0.8625. Similarly the
time to full strati®cation, shown in Fig. 11, is very well

predicted by (19) with the same constant.

5. Conclusions

Numerical solutions are obtained for the transient
process of cooling-down and stratifying the ¯uid inside
a vertical circular cylinder when its sidewall is set

impulsively to a cold temperature. Visualisation of the
transient evolving processes for Ra = 6 � 108 at both
the unsteady stage and the quasi-steady stage provides

a comprehensive and direct perception of the transient
evolving ¯ow patterns. The numerical simulations
reveal that the ¯ow has considerably di�erent transient

features at these two speci®c stages and vigorous ¯ow
activities mainly occur in the vertical thermal boundary
layer on the sidewall and the horizontal region, the
region in the lower part of the domain where the cold

intrusion ¯ows are embedded. The ¯ows calculated
here have higher Rayleigh numbers than those con-
sidered by previous workers, however the basic ¯ow

development remains the same. The primary di�erence
is the considerable increase in activity in the intrusion
region. The scalings for the total development time for

the boundary layer and for the strati®cation obtained
here are identical to those obtained previously in [23],
where the boundary layer was labelled phase I and the

strati®cation was labelled phase III. Phase II was as-
sociated with a density inversion that does not occur

in the ¯ow considered here. In the present investigation
scalings have also been obtained for the rate of devel-
opment of the boundary layer and the strati®cation,

and these have been shown to agree very well with the
numerical simulations. Proportionality constants for
each of the scalings have been obtained and shown to

provide accurate prediction of the ¯ow over a large
range of Rayleigh numbers.
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